No tendency to finite-time blowup was observed for generic initial conditions, with nearly exponential growth of vorticity in time. We have performed more than 30 numerical experiments for different initial conditions.
In the present paper we develop a new concept of folding for continuously distributed vortex lines based on the vortex line representation and a new exact solution of the 3D Euler describing pancake evolution.
Motivation: Collapse and the Kolmogorov-Obukhov theory
The underlying idea that enables the folding phenomenon is that the "flow" of continuously distributed vortex lines is compressible, despite the incompressibility of the fluid. Our new theory based on the VLR explains the 2/3-law as a result of the classical fold catastrophe.
The discussed approach is applicable for a larger class of "frozen-in-fluid" fields advected by incompressible fluid, for instance, the magnetic field in MHD or the di-vorticity field for 2D Euler.
By means of a new adaptive numerical scheme based on the VLR we observed numerically the compressible character of continuously distributed vortex lines and verified the details of the folding phenomenon.
Vortex line representation (VLR)
Consider dynamics of ω, defined from the Helmholtz equation:
From this equation follows that ω-field line can only be changed by the velocity component v n perpendicular to ω. Therefore we introduce a new type of trajectories given by the normal velocity component as
Because of frozenness of ω into fluid a solution x = x(a, t) describes the motion of field lines. In terms of this mapping, Eq. for ω admits explicit integration
where ω 0 (a) is the initial vorticity at t = 0 (the Cauchy invariant) and J is the Jacobi matrix of the mapping. The inverse of the Jacobian, n = 1/J, has the meaning of a density which satisfies the continuity equation In the general case, div v n = 0 and therefore on J there are no restrictions: it can take arbitrary values, in particular, tend to zero.
However, these equations are written in the mixed Eulerian (x-space) and Lagrangian (a-space) variables that is inconvenient for numerical simulations Now we rewrite all the equations using the Eulerian variables by means of the inverse mapping a = a(x, t).
Evidently, ∂a ∂t + (v n · ∇)a = 0.
Then the vorticity B = ω takes the form
These two equations together with the relations
for the velocity and the normal velocity represent complete VLR system of equations written in the Eulerian coordinates (x, t).
Folding of vortex lines
REMARK 1: Wave breaking, as blowup, is well known for compressible flows resulting in appearance of shocks, which can be considered as the formation of folds. Breaking in gasdynamics is possible due to compressible character of the mapping.
REMARK 2: Breaking/folding of vortex lines is impossible in 2D and for cylindrically symmetric flows without swirl (Majda, 1990) because ω ⊥ v and div v n = 0, and consequently J = 1.
Thus, breaking/folding of vortex lines is 3D phenomenon. Up to now it has not been known whether this process happens in a finite or infinite time.
In our numerics we observed exponential increasing of the vorticity maximum and formation around this maximum a structure of the pancake type with exponential decreasing of its width, instead of blow-up. Such structures appear around each vorticity maximum and are shown to have self-similar behavior. (First numerics by M. Brachet, et. el. (1992) .) Geometrically breaking results in touching of vortex lines (in a finite or infinite time). a 0 is the touching point
Let us assume that breaking/folding takes place. Consider the equation J(a, t) = 0 and find its positive roots t =t(a) > 0. Then the collapse (or touching) time will be t 0 = min at (a).
Near the minimal point a = a 0 as the expansion of J takes the form:
Self-similar asymptotics
REMARK:
The assumption about linear dependence of J min on τ (t) is familiar to the Landau assumption in his theory of the second-order phase transitions.
This expansion results in the self-similar asymptotics for vorticity:
Now the main problem is transform from the auxiliary a-space to the physical r-space.
Consider first the 1D case when
Thus, a ∼ τ 1/2 , x ∼ τ 3/2 , i.e. in the physical space compression happens more rapidly than in the space of Lagrangian markers !! At distances γa 2 ≫ ατ we have the time-independent asymptotics,
Thus, any changes happen at the region γa 2 ≤ ατ .

3D case
The Jacobian J = λ 1 λ 2 λ 3 → 0 means that one eigenvalue, say, λ 1 → 0 and λ 2 , λ 3 → const as t → t 0 and a → a 0 . Hence it follows that near singular point there are two different self similarities: along "soft" (λ 1 ) direction x 1 ∼ τ 3/2 (like in 1D); along "hard" (λ 2 , λ 3 ) directions x 2,3 ∼ τ 1/2 , so that
This results in formation of pancake structure
Self-similar asymptotics
As τ → 0 when γ ij ∆a i ∆a j ≫ ατ the vorticity has a time-independent, very anisotropic distribution. The main dependence of ω is connected with x 1 -direction:
x 2/3 1 with b = const and KOLMOGOROV index 2/3!. This dependence is realized everywhere except regions between two cubic paraboloids −cx 3 ⊥ < x 1 < cx 3 ⊥ In this narrow region vorticity at τ = 0 behaves like where P ∼ ω 3 0 L 2 , L ∼ γ −1/2 .
VLR for exact solution
As it was shown by us (JFM, 813, R1 (1-10) (2017)) 3D Euler has exact solution which in Cartesian coordinates has the form
Here ω max (t) and ℓ 1 (t) are the vorticity maximum and the pancake thickness, f (x 1 ) is arbitrary smooth function.
VLR for exact solution β 1 (t), β 2 (t) and β 3 (t) are given by
There exists the analog of this solution found by Lundgren (1982) which describes axi-symmetric flow. But nobody before us has found the 1D (pancake) solution.
This solution has infinite energy in R 3 and allows for an arbitrary time-dependency of ω(t) and ℓ 1 (t), in particular, the one leading to a finite-time blowup.
It can be extended for the Navier-Stokes equations with kinematic viscosity ν, if the function f (ξ, t) changes with time as f t − ν ℓ 2 1 f ξξ = 0.
Comparison of this solution for 3D Euler with the simulations gives a good agreement at the pancake region for ω max (t) ∝ e t/T ω and ℓ 1 (t) ∝ e −t/T ℓ .
The velocity component normal to vorticity:
v n (x, t) = −ω max (t) ℓ 1 (t) f x 1 ℓ 1 (t) n 3 +     −β 1 x 1 0 β 3 x 3     .
VLR for exact solution
For exponential pancake development the VLR mapping is written as
with the corresponding Jacobi matrix,
Respectively, for vorticity we have
that coincides with our solution.
Hence the Jacobian is inverse-proportional to the vorticity J(t) ∝ 1/ω max (t), and does not depend on spatial coordinates.
Numerical experiment
We use two numerical schemes based on direct integration of the Euler equations for ω and in the VLR formulation in the periodic box r = (x, y, z) ∈ [−π, π] 3 using the pseudo-spectral method with high-order Fourier filtering. During simulations, the number of nodes is adapted independently along each coordinate providing an optimal anisotropic rectangular grid.
We tested several large-scale initial conditions in the form of random truncated (up to second harmonics) Fourier series considered as a perturbation of the shear flow ω x = sin z, ω y = cos z, ω z = 0. This paper is mainly based on one selected simulation with the final grid 486 × 1024 × 2048.
Evolution of pancake (left), temporal dependences of ω max and ℓ 1 , ℓ 2 , ℓ 3 (right).
By use of the direct integration we found that at the maximal vorticity point
This means that the main contribution into the vorticity maximum comes from the denominator, ω(r, t) = (ω 0 (a) · ∇ a )r(a, t) J(a, t) . 
Evolution of characteristic spatial scales ℓ 1 (black), ℓ 2 (blue) and ℓ 3 (red) for the global vorticity maximum. Dashed red line indicates the slope ∝ e −t/T ℓ with T ℓ = 1.4. 
Numerical experiments
Components of the vorticity vector ω = (ω 1 , ω 2 , ω 3 ) as functions of a 1 perpendicular to the pancake, at the final time. 
Numerical experiment
Vorticity component ω 2 /ω max vs. coordinate a 1 /ℓ 1 at different times, demonstrating the self-similarity from ℓ 1 (5) = 0.064 to ℓ 1 (6.89) = 0.018. 
